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ABSTRACT 

In this paper, we investigate the higher order impulsive integro-differential equations with anti periodic boundary value 

problems on time scales. The Contraction mapping principle and Leray Schauder's fixed point theorem are used to determine 

sufficient conditions. Finally, we present an example to demonstrate the main results. 
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1. INTRODUCTION 

The theory of impulsive differential equations affords adequate mathematical models for describing evolution processes 

characterized by the combination of continuous and jump fluctuations in their state. In recent years, impulsive differential 

equations have become a significant area of exploration that serves the needs of modern technology, engineering, economics, 

physics, and so on. Impulsive differential equations with several boundary conditions are studied by many authors 

in[6,11,12]. At the same time, the theory of boundary value problems with antiperiodic boundary conditions for differential 

equations arises in different areas of applied mathematics and physics. But the corresponding theory for impulsive integro-

differential equations on time scales is yet to be developed. Integro-differential equations are typical of those processes where 

a function at each point is not determined by its value near the point, but also depends on the function distribution all over 

the domain. Impulsive Integro-differential equations with boundary conditions also studied by several researchers in 

[2,5,10,12]. Periodic and Antiperiodic boundary conditions with different type of equations are established by the researchers 

in [5,9,10]. 

The calculus of time scales was initiated by Stefan Hilger, in order to create a theory that can unify discrete and continuous 

analysis. A time scale 𝕋 is an arbitrary nonempty closed subset of the real numbers. Higher order Differential equations are 

studied by the several authors in [1,3,4,7,13,14]. Motivated by above, this study consider the following 𝑛𝑡ℎ order impulsive 

integro differential equations with antiperiodic boundary conditions on time scales: 

xΔ
n
(t) = f(t, x(t), xΔ(t),⋯ , xΔ

n−1
(t), ∫ g(t, s, x(s), xΔ(s),⋯ , xΔ

n−1
(s)

t

0

)Δs), 

ΔxΔ
(n−1)

|𝑡=𝑡𝑘 = 𝐼𝑘(𝑥(𝑡𝑘)), 𝑡 ∈ [0,1]𝕋, 𝑡 ≠ 𝑡𝑘 , 𝑘 = 1,2,⋯ ,𝑚,                                             (1) 

𝑥Δ
(i)
(0) = −𝑥Δ

(i)
(𝜎(𝑇)), 𝑖 = 0,1,2,⋯ , 𝑛 − 1.                                                            

Where 𝑓: [0, 𝑇]𝕋 × ℝ
𝑛 × ℝ𝑛 ×⋯× ℝ𝑛 → ℝ𝑛, g: [0, 𝑇]𝕋 × [0, 𝑇]𝕋 × ℝ

𝑛 × ℝ𝑛 ×⋯× ℝ𝑛 → ℝ𝑛 and 𝐼𝑘: ℝ
𝑛 → ℝ𝑛 are 

continuous and ΔxΔ
(n−1)

|t=tk = x
Δ(n−1)(tk

+) − xΔ
(n−1)

(tk
−). Here xΔ

(n−1)
(tk
+), xΔ

(n−1)
(tk
−) represent the right hand limit and 

left hand limit of xΔ
(n−1)

(t) at 𝑡 = 𝑡𝑘 , 𝑘 = 1,2,⋯ ,𝑚,𝑚  is a fixed positive integer with0 < 𝑡1 < 𝑡2 < ⋯ < 𝑡𝑘 < ⋯ < 𝑡𝑚 <
1. 
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The article is organized as follows. In Section 2, we present some lemmas and concepts to prove the main results. Section 3 

contains the main results of the paper. In section 4, an example is given to illustrate how the main results work. 

2. PRELIMINARIES 

In order to define the solution of problem (1), we will consider the following space. 

Let𝐽′ = 𝐽\{𝑡1, 𝑡2, ⋯ , 𝑡𝑛} and 

PCn−1[0,1]𝕋 = {𝑥 ∈ 𝐶[0,1]𝕋: x
Δ(n−1)|(tk,tk+1) ∈ C(tk, tk+1), x

Δ(n−1)(tk
−) = xΔ

(n−1)
(tk), k = 1,2,⋯ ,m}. 

Then 𝑃𝐶𝑛−1[0,1]𝕋 is a real Banach space with norm 

||𝑥||
𝑃𝐶𝑛−1

= max {||𝑥||
∞
, ||𝑥Δ||

∞
, ||𝑥Δ

2
||
∞
, ⋯ , ||𝑥Δ

n−1
||
∞
}, 

Where ||𝑥Δ
n−1
||
∞
= sup

t∈J
|𝑥Δ

n−1
(𝑡)| , 𝑛 = 1,2,⋯. 

2.1 Definition  

A time scale 𝕋 is an arbitrary nonempty closed subset of the real numbers. And the forward and backward jump operators 

𝜎, 𝜌: 𝕋 →  𝕋   are defined by 

𝜎(𝑡) = inf {𝑠 ∈  𝕋: 𝑠 > 𝑡}, 𝜌(𝑡) = sup {𝑠 ∈ 𝕋 ∶ s < 𝑡} 

respectively. The point 𝑡 ∈  𝕋 is the called left dense, left scattered, right dense or right scattered if 𝜌(𝑡) = 𝑡, 𝜌(𝑡) < 𝑡, 𝜎(𝑡) =
𝑡 or 𝜎(𝑡) > 𝑡 respectively. Points that are right dense and left dense at the same time are called dense. 

If  𝕋 has a left scattered maximum 𝑚, define 𝕋 𝑘 ∶=  𝕋  − {𝑚}; otherwise, set 𝕋𝑘  =  𝑇. The symbols [𝑎, 𝑏], [𝑎, 𝑏) and so 

on, denote time scales intervals, for example, 

[𝑎, 𝑏]  =  {𝑡 ∈  𝕋 ∶  𝑎 ≤  𝑡 ≤  𝑏}, 

where 𝑎, 𝑏 ∈  𝕋 with 𝑎 <  𝜌(𝑏). 

2.2 Definition  

A vector function 𝑓 ∶  𝕋 →  ℝ𝑛 is 𝑟𝑑-continuous provided that it is continuous at each right dense point in 𝕋 and has a left-

sided limit at each left dense point in 𝕋. The set of 𝑟𝑑-continuous functions 𝑓 ∶  𝕋 →  ℝ𝑛 will be denoted in this paper 

by 𝐶𝑟𝑑(𝕋 )  =  𝐶𝑟𝑑(𝕋 , ℝ
𝑛). 

2.3 Definition  

Assume 𝑓 ∶  𝕋 →  ℝ is a function and let 𝑡 ∈ 𝕋𝑘. Then we define 𝑓∆(𝑡)  to be the number (provided it exists) with the 

property that given any 𝜖 >  0 there exists a neighborhood 𝒰 of 𝑡(𝑖. 𝑒. , 𝒰 =  (𝑡 − 𝛿, 𝑡 + 𝛿 )  ∩ 𝕋 for some 𝛿 >  0) such 

that 

|𝑓(𝜎(𝑡)) −  𝑓(𝑠)– 𝑓∆(𝑡)[𝜎(𝑡) −  𝑠]| ≤ 𝜖|𝜎(𝑡) −  𝑠|, ∀ 𝑠 ∈ 𝒰. 

We call 𝑓∆(𝑡) the delta (or Higher) derivative of 𝑓 at 𝑡. 

2.4 Definition  

If 𝐹∆(𝑡)  =  𝑓(𝑡), then we define the delta integral by 

∫ 𝑓(𝑠)∆𝑠
𝑡

𝑎

 =  𝐹(𝑡)  − 𝐹(𝑎). 

2.5 Lemma  

Assume that 𝑓, 𝑔: 𝕋 →  ℝ are differentiable at 𝑡 ∈  𝕋𝑘 and  𝛼, 𝛽 are two constants, we have: 

1. if 𝛼𝑓 + 𝛽𝑔 ∶  𝕋 →  ℝ  is differentiable at 𝑡, then (𝛼𝑓 + 𝛽𝑔)∆(𝑡)  =  𝛼𝑓∆(𝑡) + 𝛽𝑔∆(𝑡), 

2. if 𝑓∆  exists, then 𝑓 is continuous at 𝑡. 

2.6 Lemma  

If  𝑎, 𝑏, 𝑐 ∈  𝕋, 𝛼 ∈  ℝ and 𝑓, 𝑔 ∈  𝐶𝑟𝑑 then: 

1. ∫[𝑓(𝑡) + 𝑔(𝑡)]Δ𝑡

𝑏

𝑎

= ∫𝑓(𝑡)Δ𝑡

𝑏

𝑎

+ ∫𝑔(𝑡)Δ𝑡

𝑏

𝑎
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2.∫  αf(t)∆t

b

a

 =  α∫ f(t)∆t

b

a

  

3.∫  f(t)∆t

b

a

 =  −∫ f(t)∆t

a

b

  

4.∫  f(t)∆t

b

a

= ∫  f(t)∆t

c

a

 +  ∫  f(t)∆t

b

c

  

5.∫  f(t)∆t

a

a

= 0 

 

2.7 Theorem  

Let 𝐸 be a real Banach space, 𝐴 ∶  𝐸 →  𝐸 is a completely continuous operator. If the set {𝑥 ∶  𝑥 ∈  𝐸, 𝑥 =  𝜆𝐴𝑥, 0 <  𝜆 <
 1} is bounded, then 𝐴 has at least one fixed point in the closed ball 𝑇 ∈  𝐸, where 

𝑇 =  {𝑥 ∶  𝑥 ∈  𝐸, ∥ 𝑥 ∥ ≤  𝑅}, 𝑅 =  𝑠𝑢𝑝{∥ 𝑥 ∥∶  𝑥 =  𝜆𝐴𝑥, 0 <  𝜆 <  1}. 

2.8 Lemma  

For any ℎ(𝑡) ∈  𝑃𝐶([0, 𝑇], ℝ𝑛), 𝑥(𝑡) solves 

𝑥∆
(𝑛)
(𝑡)  =  ℎ(𝑡), 

∆𝑥∆
(𝑛−1)

| 𝑡=𝑡𝑘  =  𝐼𝑘(𝑥(𝑡𝑘)), 𝑡 ∈  [0, 1]𝕋, 𝑡 ≠  𝑡𝑘, 𝑘 =  1, 2,· · · , 𝑚,               (2) 

𝑥∆
(𝑖)
(0)  =  𝑥∆

(𝑖)
(𝜎(𝑇)), 𝑖 =  0, 1, 2,· · · , 𝑛 −  1. 

if and only if 𝑥(𝑡) is the solution of integral equation 

𝑥(𝑡) = ∫ G(t, σ(s))h(s)Δs

𝜎(𝑇)

0

− ∑ G(t, tk)Ik(x(tk))

0<𝑡𝑘<𝑡

                 (3) 

Where 

𝐺(𝑡, 𝑠) =

{
 
 

 
 𝜎(𝑇)

4

(𝑡 − 𝑠)𝑛−2

(𝑛 − 2)!
+ (

𝑡 − 𝑠

2
)
𝑛−1

−
(𝑡 − 𝑠)𝑛−1

(𝑛 − 1)!
          0 ≤ 𝑠 ≤ 𝑡 ≤ 𝜎(𝑇),

𝜎(𝑇)

4

(𝑡 − 𝑠)𝑛−2

(𝑛 − 2)!
+ (

𝑡 − 𝑠

2
)
𝑛−1

                                    0 ≤ 𝑡 ≤ 𝑠 ≤ 𝜎(𝑇),

 

Proof: Assume 𝑥(𝑡) is a solution of (2). Then by integrating 𝑥Δ
(𝑛)
(𝑡)  =  ℎ(𝑡), 𝑡 ≠ 𝑡𝑘 , (𝑘 = 1,2,⋯ ,𝑚) step by step from 0 

to 𝑡, we have 

𝑥Δ
(n−1)

(𝑡) = 𝑥Δ
(n−1)

(0) − ∫ℎ(𝑠)Δ𝑠 +

𝑡

0

∑ Ik(x(tk)).

0<𝑡𝑘<𝑡

                                                                                    (4) 

Integrating the equation (4) again step by step from 0 to 𝑡, we get 

𝑥Δ
(n−2)

(𝑡) = 𝑥Δ
(n−2)

(0) + 𝑥Δ
(n−1)

(0)𝑡 − ∫(𝑡 − 𝜎(𝑠))ℎ(𝑠)Δ𝑠

𝑡

0

+ ∑ Ik(x(tk))(t − tk).

0<𝑡𝑘<𝑡

                          (5) 

By using Antiperiodic boundary conditions in (4), we get 

𝑥Δ
(n−1)

(0) =
1

2
[∫ ℎ(𝑠)Δ𝑠 −

𝜎(𝑇)

0

∑ Ik(x(tk))

0<𝑡𝑘<𝑡

].                                                                                                      (6) 

Similarly, by using Antiperiodic boundary conditions in (5), we get 
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𝑥Δ
(n−2)

(0) =
1

2
[−𝑥Δ

(n−1)
(0)(𝜎(𝑇)) + ∫ (𝜎(𝑇) − 𝜎(𝑠))ℎ(𝑠)Δ𝑠 −

𝜎(𝑇)

0

∑ Ik(x(tk))(σ(T) − tk).

0<𝑡𝑘<𝑡

]         (7) 

Substituting (6) and (7) in (5), we get 

𝑥Δ
(n−2)

(𝑡) = ∫ [
𝜎(𝑇)

4
−
𝜎(𝑠)

4
+
𝑡

2
] ℎ(𝑠)Δ𝑠 −

𝜎(𝑇)

0

∫(𝑡 − 𝜎(𝑠))ℎ(𝑠)Δ𝑠

𝑡

0

 

                                                 − ∑ Ik(x(tk))

0<𝑡𝑘<𝑡

[
𝜎(𝑇)

4
−
𝑡𝑘
4
+
𝑡

2
] + ∑ Ik(x(tk))(t − tk).

0<𝑡𝑘<𝑡

                    (8) 

In the same way, we get 

𝑥Δ
(n−3)

(𝑡) = ∫ [(
𝜎(𝑇)

4
) (𝑡 − 𝜎(𝑠)) + (

𝑡 − 𝜎(𝑠)

2
)

2

] ℎ(𝑠)Δ𝑠 −

𝜎(𝑇)

0

∫
(𝑡 − 𝜎(𝑠))

2

2
ℎ(𝑠)Δ𝑠

𝑡

0

 

                                                 − ∑ Ik(x(tk))

0<𝑡𝑘<𝑡

[(
𝜎(𝑇)

4
) (𝑡 − 𝑡𝑘) + (

𝑡 − 𝑡𝑘
2

)
2

] + ∑ Ik(x(tk))
(t − tk)

2

2
.

0<𝑡𝑘<𝑡

   

Similarly, we get 

𝑥(𝑡) = ∫ [(
𝜎(𝑇)

4
)
(𝑡 − 𝜎(𝑠))

𝑛−2

(𝑛 − 2)!
+ (

𝑡 − 𝜎(𝑠)

2
)

𝑛−1

] ℎ(𝑠)Δ𝑠 −

𝜎(𝑇)

0

∫
(𝑡 − 𝜎(𝑠))

𝑛−1

(𝑛 − 1)!
ℎ(𝑠)Δ𝑠

𝑡

0

 

− ∑ Ik(x(tk))

0<𝑡𝑘<𝑡

[(
𝜎(𝑇)

4
)
(𝑡 − 𝑡𝑘)

𝑛−2

(𝑛 − 2)!
+ (

𝑡 − 𝑡𝑘
2

)
𝑛−1

] + ∑ Ik(x(tk))
(t − tk)

n−1

(n − 1)!
.

0<𝑡𝑘<𝑡

 

If we choose 𝐺(𝑡, 𝑠), then (3) is true. 

Conversely, if we differerentiate (3) and by using boundary conditions, we get 

𝑥∆
(𝑛)
(𝑡)  =  ℎ(𝑡) 

So ∆𝑥∆
(𝑛−1)

| 𝑡=𝑡𝑘  =  𝐼𝑘(𝑥(𝑡𝑘)), , 𝑘 =  1, 2,· · · , 𝑚, and it is easy to verify that  𝑥∆
(𝑖)
(0)  =  𝑥∆

(𝑖)
(𝜎(𝑇)), 𝑖 =  0, 1, 2,· · · , 𝑛 −

 1 

and the lemma is proved. 

3. MAIN RESULTS 

In view of Lemma2.8, we define a fixed point problem related to problem (1) as 𝐹𝑥 =  𝑥, where 𝐹 ∶  𝐶([0, 𝑇]𝕋, ℝ
𝑛) →

𝐶([0, 𝑇]𝕋, ℝ
𝑛) is defined by 

 

 

(𝐹𝑥)(𝑡) = ∫ [(
𝜎(𝑇)

4
)
(𝑡 − 𝜎(𝑠))

𝑛−2

(𝑛 − 2)!

𝜎(𝑇)

0

+ (
𝑡 − 𝜎(𝑠)

2
)

𝑛−1

] f(t, x(t), xΔ(t),⋯ , xΔ
n−1
(t), ∫ g(t, s, x(s), xΔ(s),⋯ , xΔ

n−1
(s)

t

0

)Δs)Δ𝑠

−∫
(𝑡 − 𝜎(𝑠))

𝑛−1

(𝑛 − 1)!
f(t, x(t), xΔ(t),⋯ , xΔ

n−1
(t), ∫ g(t, s, x(s), xΔ(s),⋯ , xΔ

n−1
(s)

t

0

)Δs)Δ𝑠

𝑡

0

 

− ∑ Ik(x(tk))

0<𝑡𝑘<𝑡

[(
𝜎(𝑇)

4
)
(𝑡 − 𝑡𝑘)

𝑛−2

(𝑛 − 2)!
+ (

𝑡 − 𝑡𝑘
2

)
𝑛−1

] + ∑ Ik(x(tk))
(t − tk)

n−1

(n − 1)!
.

0<𝑡𝑘<𝑡

 

We give the following hypothesis: 
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(𝐻1): For the subsequent analysis, we define ||𝑥||
𝑃𝐶𝑛−1

= max
t∈[0,T]𝕋

{||𝑥||, ||𝑥Δ||, ⋯ , ||𝑥Δ
n−1
||}  and  

𝛾 = sup
t∈[0,T]𝕋

{∫ [(
𝜎(𝑇)

4
)
(𝑡 − 𝜎(𝑠))

𝑛−2

(𝑛 − 2)!
+ (

𝑡 − 𝜎(𝑠)

2
)

𝑛−1

] Δ𝑠 −

𝜎(𝑇)

0

∫
(𝑡 − 𝜎(𝑠))

𝑛−1

(𝑛 − 1)!
Δ𝑠

𝑡

0

}, 

𝛽 = sup
t∈[0,T]𝕋

{− ∑ Ik(x(tk))

0<𝑡𝑘<𝑡

[(
𝜎(𝑇)

4
)
(𝑡 − 𝑡𝑘)

𝑛−2

(𝑛 − 2)!
+ (

𝑡 − 𝑡𝑘
2

)
𝑛−1

] + ∑ Ik(x(tk))
(t − tk)

n−1

(n − 1)!
0<𝑡𝑘<𝑡

}. 

(𝐻2): The functions 𝑓, 𝑔 and 𝐼𝑘 are continuous. 

(𝐻3): The functions 𝑓, 𝑔 and 𝐼𝑘 satisfying the Lipschitz condition: 

 |𝑓(𝑡, 𝑥, 𝑥Δ, 𝑥Δ
2
, ⋯ , 𝑥Δ

n−1
) − 𝑓(𝑡, 𝑦, 𝑦Δ , yΔ

2
, ⋯ , yΔ

n−1
)| ≤ L[|x − y| + |xΔ − yΔ| + ⋯+ |xΔ

n−1
− yΔ

n−1
|], 

 |𝑔(𝑡, 𝑠, 𝑥, 𝑥Δ, 𝑥Δ
2
, ⋯ , 𝑥Δ

n−1
) − 𝑔(𝑡, 𝑠, 𝑦, 𝑦Δ, yΔ

2
, ⋯ , yΔ

n−1
)| ≤ M[|x − y| + |xΔ − yΔ| + ⋯+ |xΔ

n−1
− yΔ

n−1
|], 

          |𝐼𝑘(𝑥(𝑡𝑘)) − 𝐼𝑘(𝑦(𝑡𝑘))| ≤ 𝑄|x − y|, L,M, Q > 0, ∀𝑥, 𝑦 ∈ ℝ𝑛, t ∈ [0, T]𝕋. 

      (𝐻4): There exist a positive constant 𝑁, 𝑅 such that 

|f (t, x(t), xΔ(t),⋯ , xΔ
n−1
(t), ∫ g(t, s, x(s), xΔ(s),⋯ , xΔ

n−1
(s)

t

0
)Δs) | ≤ N, 

 |Ik(x(tk))| ≤ 𝑅, for each t ∈ [0, T]𝕋 and all x ∈ ℝ𝑛.  

3.1 Theorem  

 Assume that (𝐻2) and (𝐻3) holds. Then the boundary value problem (1) has a unique solution if 𝐿𝛾 + 𝐿𝑀𝛾 + 𝑄𝛽 <
1, where 𝛾 and 𝛽 given by (10). 

Proof: In the first step, we show that  𝐹𝐵𝑐 → 𝐵𝑐, Where 𝐹 is the operator defined by (14) and 𝐵𝑐 =

{𝑥 ∈ 𝐶([0, 𝑇]𝕋, ℝ
𝑛): ||𝑥||

𝑃𝐶𝑛−1
≤ 𝐶 } with 𝑐 ≥

𝑑𝛾+𝑒𝛽

1−𝐿𝛾−𝐿𝑀𝛾−𝑄𝛽
, 𝑑 = sup

t∈[0,T]𝕋

|𝑓(𝑡, 0)| and 𝑒 = sup
t∈[0,T]𝕋

|𝐼𝑘(𝑥(0))|. 

Using f(t, x(t), xΔ(t),⋯ , xΔ
n−1
(t), ∫ g(t, s, x(s), xΔ(s),⋯ , xΔ

n−1
(s)

t

0
)Δs)      =

|f(t, x(t), xΔ(t),⋯ , xΔ
n−1
(t), ∫ g(t, s, x(s), xΔ(s),⋯ , xΔ

n−1
(s)

t

0
)Δs) − f(t, 0) + f(t, 0)| 

    ≤ |f(t, x(t), xΔ(t),⋯ , xΔ
n−1
(t), ∫ g(t, s, x(s), xΔ(s),⋯ , xΔ

n−1
(s)

t

0
)Δs) − f(t, 0)| + |f(t, 0)| 

    ≤ 𝐿[||x|| + ||xΔ|| + ⋯+ ||xΔ
n−1
|| + M(||x|| + ||xΔ|| + ⋯+ ||xΔ

n−1
||)] + 𝑑 

                 ≤ 𝐿||𝑥||
𝑃𝐶𝑛−1

+ 𝐿𝑀||𝑥||
𝑃𝐶𝑛−1

+ 𝑑 ≤ 𝐿𝑐 + 𝐿𝑀𝑐 + 𝑑 and     

𝐼𝑘(𝑥(𝑡𝑘))  = 𝐼𝑘(𝑥(𝑡𝑘)) + 𝐼𝑘(𝑥(0)) − 𝐼𝑘(𝑥(0)) ≤ |𝐼𝑘(𝑥(𝑡𝑘)) − 𝐼𝑘(𝑥(0))| + |𝐼𝑘(𝑥(0))| ≤ 𝑄||𝑥||𝑃𝐶𝑛−1
+ 𝑒 ≤ 𝑄𝑐 + 𝑒  for 

any 𝑥 ∈ 𝐵𝑐 , t ∈ [0, T]𝕋, we obtain 

|(𝐹𝑥)(𝑡)| = sup
t∈[0,T]𝕋

{∫ [(
𝜎(𝑇)

4
)
(𝑡 − 𝜎(𝑠))

𝑛−2

(𝑛 − 2)!

𝜎(𝑇)

0

+ (
𝑡 − 𝜎(𝑠)

2
)

𝑛−1

] |f (t, x(t),⋯ , xΔ
n−1
(t), ∫ g(t, s, x(s),⋯ , xΔ

n−1
(s)

t

0

)Δs)| Δ𝑠

−∫
(𝑡 − 𝜎(𝑠))

𝑛−1

(𝑛 − 1)!
|f(t, x(t), xΔ(t),⋯ , xΔ

n−1
(t), ∫ g(t, s, x(s), xΔ(s),⋯ , xΔ

n−1
(s)

t

0

)Δs)| Δ𝑠

𝑡

0

 

− ∑ |Ik(x(tk))|

0<𝑡𝑘<𝑡

[(
𝜎(𝑇)

4
)
(𝑡 − 𝑡𝑘)

𝑛−2

(𝑛 − 2)!
+ (

𝑡 − 𝑡𝑘
2

)
𝑛−1

] + ∑ |Ik(x(tk))|
(t − tk)

n−1

(n − 1)!
0<𝑡𝑘<𝑡

} 

                                 ≤ (𝐿𝑐 + 𝐿𝑀𝑐 + 𝑑)𝛾 + (𝑄𝑐 + 𝑒)𝛽 ≤ 𝑐,  

which implies that ||𝐹𝑥|| ≤ 𝑐. In consequence, it follows that 𝐹𝐵𝑐 ⊂ 𝐵𝑐 .Next for 𝑥, 𝑦 ∈ 𝐶([0, 𝑇]𝕋, ℝ
𝑛) and for each t ∈

[0, T]𝕋, we have that 
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|(𝐹𝑥)(𝑡) − (𝐹𝑦)(𝑡)|

≤ sup
t∈[0,T]𝕋

 {∫ [(
𝜎(𝑇)

4
)
(𝑡 − 𝜎(𝑠))

𝑛−2

(𝑛 − 2)!

𝜎(𝑇)

0

+ (
𝑡 − 𝜎(𝑠)

2
)

𝑛−1

] |f (t, x(t), xΔ(t),⋯ , xΔ
n−1
(t), ∫ g(t, s, x(s),⋯ , xΔ

n−1
(s)

t

0

)Δs) 

                                −f (t, y(t), yΔ(t),⋯ , yΔ
n−1
(t), ∫ g(t, s, y(s),⋯ , yΔ

n−1
(s)

t

0

)Δs)|  Δs

− ∫
(𝑡 − 𝜎(𝑠))

𝑛−1

(𝑛 − 1)!
|f (t, x(t), xΔ(t),⋯ , xΔ

n−1
(t), ∫ g(t, s, x(s), xΔ(s),⋯ , xΔ

n−1
(s)

t

0

)Δs 

𝑡

0

− f (t, y(t), yΔ(t),⋯ , yΔ
n−1
(t), ∫ g(t, s, y(s),⋯ , yΔ

n−1
(s)

t

0

)Δs)| Δ𝑠 

                                − ∑ |Ik(x(tk)) − Ik(y(tk))

0<𝑡𝑘<𝑡

|  [(
𝜎(𝑇)

4
)
(𝑡 − 𝑡𝑘)

𝑛−2

(𝑛 − 2)!
+ (

𝑡 − 𝑡𝑘
2

)
𝑛−1

] 

                               + ∑ |Ik(x(tk)) − Ik(y(tk))|
(t − tk)

n−1

(n − 1)!
0<𝑡𝑘<𝑡

} 

                              ≤ [𝐿||𝑥 − 𝑦||
𝑃𝐶𝑛−1

+ 𝐿𝑀||𝑥 − 𝑦||
𝑃𝐶𝑛−1

] sup
t∈[0,T]𝕋

{∫ [(
𝜎(𝑇)

4
)
(𝑡 − 𝜎(𝑠))

𝑛−2

(𝑛 − 2)!
+ (

𝑡 − 𝜎(𝑠)

2
)

𝑛−1

] 

𝜎(𝑇)

0

Δ𝑠 

                               −∫
(𝑡 − 𝜎(𝑠))

𝑛−1

(𝑛 − 1)!
Δ𝑠

𝒕

𝟎

} + 𝑄||𝑥 − 𝑦|| sup
t∈[0,T]𝕋

{− ∑ [(
𝜎(𝑇)

4
)
(𝑡 − 𝑡𝑘)

𝑛−2

(𝑛 − 2)!
+ (

𝑡 − 𝑡𝑘
2

)
𝑛−1

]

0<𝑡𝑘<𝑡

 

 

                               + ∑
(t − tk)

n−1

(n − 1)!
0<𝑡𝑘<𝑡

} 

Taking maximum over the interval [0, T]𝕋. We get 

||(𝐹𝑥) − (𝐹𝑦)|| ≤ 𝐿𝛾||𝑥 − 𝑦||
𝑃𝐶𝑛−1

+ 𝐿𝑀𝛾||𝑥 − 𝑦||
𝑃𝐶𝑛−1

+ 𝑄𝛽||𝑥 − 𝑦||
𝑃𝐶𝑛−1

. 

Where 𝛾 and 𝛽 is given by (10). By the assumption: 𝐿𝛾 + 𝐿𝑀𝛾 + 𝑄𝛽 <  1, we deduce that 𝐹  is a contraction. Hence, by 

the contraction mapping principle, (1) has a unique solution. 

3.2 Theorem 

 Assume that (𝐻2) and (𝐻4) holds. Then the problem (1) has atleast one solution on [0, T]𝕋. 

Proof: We show that the operator 𝐹 denoted by (9) satisfies the hypothesis of Schauder's fixed point theorem. This will be 

done in several steps. 

Step 1: 𝐹 is continuous. 

Let {𝑥𝑘} be a sequence such that 𝑥𝑘 →  𝑥 in 𝐶([0, 𝑇]𝕋, ℝ
𝑛). Then, for each t ∈ [0, T]𝕋, we have 

 

|(𝐹)(𝑥𝑘)(𝑡) − (𝐹𝑥)(𝑡)|

≤ ∫ [(
𝜎(𝑇)

4
)
(𝑡 − 𝜎(𝑠))

𝑛−2

(𝑛 − 2)!

𝜎(𝑇)

0

+ (
𝑡 − 𝜎(𝑠)

2
)

𝑛−1

] |f (t, xk(t), xk
Δ(t),⋯ , xk

Δn−1(t), ∫ g(t, s, xk(s),⋯ , xk
Δn−1(s)

t

0

)Δs) 
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                                −f (t, x(t), xΔ(t),⋯ , xΔ
n−1
(t), ∫ g(t, s, x(s),⋯ , xΔ

n−1
(s)

t

0

)Δs)|  Δs

− ∫
(𝑡 − 𝜎(𝑠))

𝑛−1

(𝑛 − 1)!
|f (t, xk(t), xk

Δ(t),⋯ , xk
Δn−1(t), ∫ g(t, s, xk(s), xk

Δ(s),⋯ , xk
Δn−1(s)

t

0

)Δs 

𝑡

0

− f (t, x(t), xΔ(t),⋯ , xΔ
n−1
(t), ∫ g(t, s, x(s),⋯ , xΔ

n−1
(s)

t

0

)Δs)| Δ𝑠 

                                − ∑ |Ik(xk(tk)) − Ik(x(tk))

0<𝑡𝑘<𝑡

|  [(
𝜎(𝑇)

4
)
(𝑡 − 𝑡𝑘)

𝑛−2

(𝑛 − 2)!
+ (

𝑡 − 𝑡𝑘
2

)
𝑛−1

] 

                                + ∑ |Ik(xk(tk)) − Ik(x(tk))|
(t − tk)

n−1

(n − 1)!
0<𝑡𝑘<𝑡

} 

                            ≤ ||𝑓(. , 𝑥𝑘(. ))

− 𝑓(. , 𝑥(. ))|| sup
t∈[0,T]𝕋

{∫ [(
𝜎(𝑇)

4
)
(𝑡 − 𝜎(𝑠))

𝑛−2

(𝑛 − 2)!
+ (

𝑡 − 𝜎(𝑠)

2
)

𝑛−1

] 

𝜎(𝑇)

0

Δ𝑠 −∫
(𝑡 − 𝜎(𝑠))

𝑛−1

(𝑛 − 1)!
Δ𝑠

𝒕

𝟎

} 

                             +||𝐼𝑘(𝑥𝑘(. )) − 𝐼𝑘(𝑥(. ))|| sup
t∈[0,T]𝕋

{− ∑ [(
𝜎(𝑇)

4
)
(𝑡 − 𝑡𝑘)

𝑛−2

(𝑛 − 2)!
+ (

𝑡 − 𝑡𝑘
2

)
𝑛−1

]

0<𝑡𝑘<𝑡

 + ∑
(t − tk)

n−1

(n − 1)!
0<𝑡𝑘<𝑡

} 

                            ≤ 𝛾 ||𝑓(. , 𝑥𝑘(. )) − 𝑓(. , 𝑥(. ))|| + 𝛽 ||𝐼𝑘(𝑥𝑘(. )) − 𝐼𝑘(𝑥(. ))|| → 0 as 𝑘 → ∞. 

Therefore 𝐹 is continuous. 

Step 2: F maps bounded sets into bounded sets in 𝐶([0, 𝑇]𝕋, ℝ
𝑛). 

     Indeed, it is enough to show that for any 𝜂∗  >  0, there exists a positive constant 𝑃 such that for each 

 𝑥 ∈ 𝐵𝜂
∗ = {𝑥 ∈ 𝐶([0, 𝑇]𝕋, ℝ

𝑛): ||𝑥||
𝑃𝐶𝑛−1

≤ 𝜂∗} , 

we have ||𝐹𝑥|| ≤ 𝑃. For each 𝑡 ∈ [0, 𝑇]𝕋 by the condition (𝐻4), we have 

|(𝐹𝑥)(𝑡)| = ∫ [(
𝜎(𝑇)

4
)
(𝑡 − 𝜎(𝑠))

𝑛−2

(𝑛 − 2)!
+ (

𝑡 − 𝜎(𝑠)

2
)

𝑛−1

] |f (t, x(t),⋯ , xΔ
n−1
(t), ∫ g(t, s, x(s),⋯ , xΔ

n−1
(s)

t

0

)Δs)| Δ𝑠

𝜎(𝑇)

0

−∫
(𝑡 − 𝜎(𝑠))

𝑛−1

(𝑛 − 1)!
|f(t, x(t), xΔ(t),⋯ , xΔ

n−1
(t), ∫ g(t, s, x(s), xΔ(s),⋯ , xΔ

n−1
(s)

t

0

)Δs)| Δ𝑠

𝑡

0

 

− ∑ |Ik(x(tk))|

0<𝑡𝑘<𝑡

[(
𝜎(𝑇)

4
)
(𝑡 − 𝑡𝑘)

𝑛−2

(𝑛 − 2)!
+ (

𝑡 − 𝑡𝑘
2

)
𝑛−1

] + ∑ |Ik(x(tk))|
(t − tk)

n−1

(n − 1)!
0<𝑡𝑘<𝑡

 

Taking the norm for 𝑡 ∈ [0, 𝑇]𝕋, the above inequality yields ||F(x)|| ≤ (γ + β), where 𝛾 and 𝛽 is given by (10). 

Step 3: F maps bounded sets into equicontinuous sets of 𝐶([0, 𝑇]𝕋, ℝ
𝑛). 

Let 𝑡1, 𝑡2 ∈ (𝑡𝑘, 𝑡𝑘+1), 𝑡1  <  𝑡2 and 𝐵𝜂∗ be a bounded set in 𝐶([0, 𝑇]𝕋, ℝ
𝑛) as in Step 2. Then for ∈ 𝐵𝜂∗ , we have 
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|𝐹(𝑥)(𝑡2) − 𝐹(𝑥)(𝑡1)|

≤ |∫ [(
𝜎(𝑇)

4
)
(𝑡2 − 𝜎(𝑠))

𝑛−2
− (𝑡1 − 𝜎(𝑠))

𝑛−2

(𝑛 − 2)!
+ (

𝑡2 − 𝜎(𝑠)

2
)

𝑛−1
𝜎(𝑇)

0

− (
𝑡1 − 𝜎(𝑠)

2
)

𝑛−1

] f (t, x(t),⋯ , xΔ
n−1
(t), ∫ g(t, s, x(s),⋯ , xΔ

n−1
(s)

t

0

)Δs) Δ𝑠|

− |∫
(𝑡2 − 𝜎(𝑠))

𝑛−1
− (𝑡1 − 𝜎(𝑠))

𝑛−1

(𝑛 − 1)!
f(t, x(t), xΔ(t),⋯ , xΔ

n−1
(t), ∫ g(t, s, x(s), xΔ(s),⋯ , xΔ

n−1
(s)

t

0

)Δs)Δ𝑠

𝑡1

0

+ ∫
(𝑡2 − 𝜎(𝑠))

𝑛−1

(𝑛 − 1)!
f(t, x(t), xΔ(t),⋯ , xΔ

n−1
(t), ∫ g(t, s, x(s), xΔ(s),⋯ , xΔ

n−1
(s)

t

0

)Δs)Δ𝑠

𝑡2

𝑡1

| 

− | ∑ Ik(x(tk)) [(
𝜎(𝑇)

4
)
(𝑡2 − 𝑡𝑘)

𝑛−2 − (𝑡1 − 𝑡𝑘)
𝑛−2

(𝑛 − 2)!
+ (

𝑡2 − 𝑡𝑘
2

)
𝑛−1

− (
𝑡1 − 𝑡𝑘
2

)
𝑛−1

]

0<tk<𝑡

|

+ | ∑ Ik(x(tk))
(𝑡2 − 𝑡𝑘)

𝑛−1 − (𝑡1 − 𝑡𝑘)
𝑛−1

(𝑛 − 1)!
0<tk<t1

+ ∑ Ik(x(tk))
(𝑡2 − 𝑡𝑘)

𝑛−1

(𝑛 − 1)!
t1<tk<t2

|

≤ 𝑁 |∫ [(
𝜎(𝑇)

4
)
(𝑡2 − 𝜎(𝑠))

𝑛−2
− (𝑡1 − 𝜎(𝑠))

𝑛−2

(𝑛 − 2)!
+ (

𝑡2 − 𝜎(𝑠)

2
)

𝑛−1

  − (
𝑡1 − 𝜎(𝑠)

2
)

𝑛−1

] Δ𝑠

𝜎(𝑇)

0

|

− 𝑁 |∫
(𝑡2 − 𝜎(𝑠))

𝑛−1
− (𝑡1 − 𝜎(𝑠))

𝑛−1

(𝑛 − 1)!
Δ𝑠

𝑡1

0

+ ∫
(𝑡2 − 𝜎(𝑠))

𝑛−1

(𝑛 − 1)!
Δ𝑠

𝑡2

𝑡1

| 

−𝑅 | ∑ [(
𝜎(𝑇)

4
)
(𝑡2 − 𝑡𝑘)

𝑛−2 − (𝑡1 − 𝑡𝑘)
𝑛−2

(𝑛 − 2)!
+ (

𝑡2 − 𝑡𝑘
2

)
𝑛−1

− (
𝑡1 − 𝑡𝑘
2

)
𝑛−1

]

0<tk<𝑡

|             

+ 𝑅 | ∑
(𝑡2 − 𝑡𝑘)

𝑛−1 − (𝑡1 − 𝑡𝑘)
𝑛−1

(𝑛 − 1)!
0<tk<t1

+ ∑ Ik(x(tk))
(𝑡2 − 𝑡𝑘)

𝑛−1

(𝑛 − 1)!
t1<tk<t2

| 

≤ 𝑁 |∫ [(
𝜎(𝑇)

4
)
(𝑡2 − 𝜎(𝑠))

𝑛−2
− (𝑡1 − 𝜎(𝑠))

𝑛−2

(𝑛 − 2)!
+ (

𝑡2 − 𝜎(𝑠)

2
)

𝑛−1

  − (
𝑡1 − 𝜎(𝑠)

2
)

𝑛−1

] Δ𝑠

𝜎(𝑇)

0

| 

−
𝑁

𝑛!
[2(𝑡2 − 𝑡1)

𝑛 + |𝑡2
𝑛 − 𝑡1

𝑛|] − 𝑅 | ∑ [(
𝜎(𝑇)

4
)
(𝑡2 − 𝑡𝑘)

𝑛−2 − (𝑡1 − 𝑡𝑘)
𝑛−2

(𝑛 − 2)!
+ (

𝑡2 − 𝑡𝑘
2

)
𝑛−1

0<tk<𝑡

 

−(
𝑡1 − 𝑡𝑘
2

)
𝑛−1

]| +
𝑅

(𝑛 − 1)!
∑ [2(𝑡2 − 𝑡1)

𝑛−1 + |𝑡2
𝑛−1 − 𝑡1

𝑛−1|]

0<tk<t1

 

Clearly the right hand side of the above inequality tends to zero independent of 𝑥 as (𝑡2 − 𝑡1) →  0. In view of the above 

three steps, the Arzela-Ascoli theorem applies and consequently the operator 𝐹: 𝐶([0, 𝑇]𝕋, ℝ
𝑛) → 𝐶([0, 𝑇]𝕋, ℝ

𝑛) is 

continuous and completely continuous. 

Step 4: To obtain priori bound of the set 𝜖 = {𝑥 ∈ 𝑃𝐶([0, 𝑇]𝕋, ℝ
𝑛): 𝑥 = 𝜆𝐹(𝑥), 𝜆 ∈ (0,1)} is bounded. Let 𝑥 ∈ 𝜖, then 

𝑥 = 𝜆𝐹(𝑥) for some 0 < 𝜆 <  1. Then for each 𝑡 ∈ [0, 𝑇]𝕋, we have 
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𝑥(𝑡) = 𝜆 {∫ [(
𝜎(𝑇)

4
)
(𝑡 − 𝜎(𝑠))

𝑛−2

(𝑛 − 2)!

𝜎(𝑇)

0

+ (
𝑡 − 𝜎(𝑠)

2
)

𝑛−1

] f(t, x(t), xΔ(t),⋯ , xΔ
n−1
(t),∫ g(t, s, x(s), xΔ(s),⋯ , xΔ

n−1
(s)

t

0

)Δs)Δ𝑠

−∫
(𝑡 − 𝜎(𝑠))

𝑛−1

(𝑛 − 1)!
f(t, x(t), xΔ(t),⋯ , xΔ

n−1
(t), ∫ g(t, s, x(s), xΔ(s),⋯ , xΔ

n−1
(s)

t

0

)Δs)Δ𝑠

𝑡

0

− ∑ Ik(x(tk))

0<𝑡𝑘<𝑡

[(
𝜎(𝑇)

4
)
(𝑡 − 𝑡𝑘)

𝑛−2

(𝑛 − 2)!
+ (

𝑡 − 𝑡𝑘
2

)
𝑛−1

] + ∑ Ik(x(tk))

0<𝑡𝑘<𝑡

(𝑡 − 𝑡𝑘)
𝑛−1

(𝑛 − 1)!
} 

Using the condition (𝐻4), it is easy to shows that ||𝐹(𝑥)|| ≤ 𝑁𝛾 + 𝑅𝛽 This shows that 𝜖 is bounded. Thus, it follows by 

Schauder's  fixed point theorem the operator 𝐹 has a fixed point, which is a solution of a problem (1). 

4. EXAMPLES 

4.1 Example 

Consider the problem 

𝑥Δ
2
(𝑡) =

1

4
𝑡3(𝑥(𝑡) − 2) +

5

18
(∫ 𝑡2𝑠4𝑥(𝑠)Δ𝑠

𝑡

0

)

2

, 𝑡 ∈ [0,1]𝕋, 𝑡 ≠
1

2
, 

𝑥(0) = −𝑥(𝜎(1)), 𝑥Δ(0) = −𝑥Δ(𝜎(1)), 

𝑥 ((
1

2
)
+

) = 𝑥 (
1

2
) +

1

5
𝑥 (
1

2
) , 𝑥Δ ((

1

2
)
+

) = 𝑥Δ (
1

2
) +

1

5
𝑥Δ (

1

2
), 

Solution: Here 𝑛 = 2, 𝑓(𝑡, 𝑥, 𝑦) =
1

4
𝑡3(𝑥 − 2) +

5

18
𝑦2. Using the given data, we find 𝐿 =

1

4
, 𝑀 =

1

3
  and 𝑄 =

1

5
 as 

|𝑓(𝑡, 𝑥2, 𝑦2) − 𝑓(𝑡, 𝑥1, 𝑦1)| ≤
1

4
||𝑥2 − 𝑥1|| +

1

3
||𝑦2 − 𝑦1||, |𝐼𝑘(𝑥2(𝑡𝑘)) − 𝐼𝑘(𝑥1(𝑡𝑘))| ≤

1

5
||𝑥2(𝑡𝑘) − 𝑥1(𝑡𝑘)||, 𝛾 =

0.25 and 𝛽 = 0.1. 

Obviously Lγ +  LMγ +  Qβ ≈  0: 103333 <  1. Thus all the conditions of Theorem (3.1) are satisfied. Hence, by the 

conclusion of Theorem (3.1), problem (11) has a unique solution on[0,1]𝕋. 

4.2 Example 

Consider the problem 

𝑥Δ
4
(𝑡) =

𝑒−𝑥
2(𝑡) + 2 sin(1 + 3𝑥(𝑡)) + cos(3 + 5𝑥3(𝑡)) + 3𝑥4

1 + 𝑥2(𝑡)
, 𝑡 ∈ [0,1]𝕋, 

𝑥(0) = −𝑥(𝜎(1)), 𝑥Δ(0) = −𝑥Δ(𝜎(1)), 𝑥Δ
2
(0) = −𝑥Δ

2
(𝜎(1)), 𝑥Δ

3
(0) = −𝑥Δ

3
(𝜎(1)) 

𝑥 ((
1

2
)
+

) = 𝑥 (
1

2
) +

1

5
𝑥 (
1

2
) , 𝑥Δ ((

1

2
)
+

) = 𝑥Δ (
1

2
) +

1

5
𝑥Δ (

1

2
), 

𝑥Δ
2
((
1

2
)
+

) = 𝑥Δ
2
(
1

2
) +

1

5
𝑥Δ

2
(
1

2
) , 𝑥Δ

3
((
1

2
)
+

) = 𝑥Δ
3
(
1

2
) +

1

5
𝑥Δ

3
(
1

2
) 

 

Solution: Here 𝑓(𝑡, 𝑥(𝑡)) =
𝑒−𝑥

2(𝑡)+2sin(1+3𝑥(𝑡))+cos(3+5𝑥3(𝑡))+3𝑥4

1+𝑥2(𝑡)
. Clearly 𝑓(𝑡, 𝑥(𝑡)) is continuous and |𝑓(𝑡, 𝑥(𝑡))| ≤ 𝑁 

with 𝑁 = 7 for each 𝑡 ∈ [0,1]𝕋 and all 𝑥 ∈ ℝ. Thus the conclusion of Theorem 3.2 applies and the problem (12) has a solution 

on 𝑡 ∈ [0,1]𝕋.  

5. CONCLUSION 

In this study, we investigated and built a system of higher order impulsive integro-differential equations on time scales 

subject to antiperiodic boundary value problems on time scales. The integral term has been included to the system of 
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equations to make the equation more clear. We arrived at the distinctive solution by applying the green's function technique 

and deduced the existence of solutions by utilizing the Contraction mapping principle and Leray Schauder's fixed point 

theorem. In addition, an example is provided to demonstrate the effectiveness of the result. 
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