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ABSTRACT

In this paper, we study the existence, uniqueness and other properties of solutions of an abstract nonlinear delay differential
equation with nonlocal condition. The tool employed in the analysis is based on application of new three steps iteration. New
three steps iteration method has equally important contribution to study various properties such as dependence on initial data,
closeness of solutions and dependence on parameters and functions involved therein.A new three steps iteration process
introduced by V. Karakaya,Y. Atalan, K. Dogan, and NH. Bouzara [8]..

Keywords: Existence ,uniqueness and continuous dependence; abstract differential equation with finite delay ; new three
steps iteration method

1. INTRODUCTION

The aim of the present paper is to study existence, Osgood type uniqueness and qualitative properties of mild solutions of
nonlinear delay differential equation with nonlocal condition. The main tools employed in the analysis are based on the
applications new three steps equation Method. Using Tychonov's fixed point theorem, the method of successive
approximations, and the comparison method, S. Sugiyama [27] studied the existence and uniqueness of solutions of the
following problem:

dw(t)

= flt,w(t),w(—1)), (1.1)

for 0 < t < t;, with the conditions
wt-1)=¢@) (0<t<1), 1.2
w(0) = w,, (1.3)

where w and f represent n-dimensional vectors (see [27] for details) and Stokes [28] has discussed the same problems as
above for nonlinear differential equations.

From the above works, we can see a fact, although the delay differential equation have been investigated by some authors.
However, to our knowledge, the an abstract nonlinear delay differential equation with nonlocal conditions and an
infinitesimal generator of operators has not been discussed extensively. So motivated by all the works above, the aim of this
paper is to prove the existence and uniqueness of solutions of the delay differential equation of the form

w'(t) + Aw(t) = f(t, w(t), w(t — 1)), (1.4)
for t € ] = [0,b], (b > 0) under the conditions
wt-1D=¢) (0<t<1) (1.5)
w(0) + g(w) = wy, (1.6)

where —A is an infinitesimal generator of a strongly continuous semigroup of bounded linear operators T(t) in X, f €
CUxXxX,X),g€eC(U,X),X) and ¢(t) is a continuous function for 0 < t < 1, lim,,;_o¢p(t) exists, for which we
denote by ¢(1 — 0) = ¢,. If we consider the solutions of (1.4) for t € J, we obtain a function w(t — 1) which is unable to
define as solution for 0 < t < 1. Hence, we have to impose some condition, for example the condition (1.5). We note that,
if 0 < t < 1, the problem is reduced to delay differential equation

w'(t) + Aw(t) = f(t, (1), $(©)),
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with initial condition w(0) + g(w) = w,. Here, it is essential to obtain the solutions of (1.4)—(1.6) for 0 < t < b, so that,
we suppose in the sequel b is not less than 1.

The development of integral and differential equations and their advantages in science and applied mathematics are largely
attributed to the notion of fixed points theory of iterative approximation(TIA) (see [22, 23, 24,26,29]). . In this regard,for
specific classes of operators, a lot of researchers has found several iteration techniques in terms of their convergence, rate of
convergence, equivalence of convergence etc.see ( [12, 25]). A number of mathematicians have studied the challenges of
existence, uniqueness, and other properties of solutions of particular forms of IVP (1.4)-(1.6) and its variants under
a set of hypotheses via various tactics [1, 2, 3, 4, 5, 6, 7, 8,9, 10, 11] and some of the references cited therein [14, 15,
16,17,18, 19, 20, 21, 26].

Our main objective here is to investigate the global existence of solution to (1.4)-(1.6) The chapter is organized as follows,
we present the preliminaries and hypotheses. Section 2.3 deals with existence and uniqueness of the solutions., we discuss
result on continuous dependency on initial data on function ,on parameter.

Three Steps Iteration Process:

In 2017, V. Karakaya and Y. Atalan, and NH. Bouzara [8] introduced the following three steps iteration process:

W1 = TYy,
e =Q =8Iz +&Tz., (1.7)
Zy = Ta)k, keNuU {0}

with the real control sequence {&,}g” €[0, 1] satisfying Y.p—, & = .

Definition 1.1 (78], p.627) Let (X, d) be a complete metric space and T:X — X be a weak-contraction for which there exist
6 € (0,1) and L = 0 such that

ITo-TylI<dlw—-ylIl+LIy—Tyl. (1.8)

Then,T has a unique fixed point.

Theorem 1.2 ((/8], p.627)) Let C be a nonempty closed convex subset of a Banach space X and T:C — C be a weak-
contraction map satisfying condition (1.8). Let {wy}r—, be an iterative sequence generated by the scheme (1.7) with a real
control sequence {&, }i-o in [0,1] satisfying Yo & = . Then {wy }r=o converges to a unique point w* of T.

Lemma 1 (/12], p.4) Let {Bi}r=o be a nonnegative sequence for which one assumes there exists ky € N U {0}, such that
forall k = ky one has satisfied the inequality

Bre+1 < (1 = ) B + ¥ (1.9)
where u, € (0,1), forall k € NU {0}, Yo Ui = © and vy = 0,Vk € N U {0}. Then the following inequality holds
0 < limsupf < limsupyy. (1.10)
k—o0

k—co

Before proceeding to the statement of our main results, we shall set forth some preliminaries and hypotheses that will be
used in our subsequent discussion.

Let X be the Banach space with norm ||-|l. Let B = C(J, X) be the space of all continuous functions from J into X endowed
with the supremum norm

|l w llg=sup{ll w(t) ll:t € J}.

We list the following hypotheses:

H1) —A is the infinitesimal generator of a semigroup of bounded linear operators T(t) in X such
that
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IT@)ISM, t=>0,forallt €].
H2) There exist G > 0 such that
lgw)—g@ I<Gllw—wl forw,w €B

H3). The function f:] X X X X = X is continuous and there exist constant £ > 0 in (1.4) satisfies the condition
Il fit,w,y)—fto,NISLUw—-—wl+Ily—=yI)forw,wyy€X

H4) g: B — X and there exist G > 0 such that
lgw—-—g@ISGlw—wl,forw,o€B

H5)There exists constant @ > 0 such that
lw(s)—w@G)Il+lws—1)—ws—DI<2allw—wl,w,0w €EB,s€]

Definition 1.3 Let —A is the infinitesimal generator of a €, —semigroup T(t),t = 0, on a Banach space X. The function
w € B given by

w(t) = T(O[wo — g)] + [ T(t = $)f (s, w(s), $(s))ds, (1.11)
for0 <t <1, and
w(t) = T(O)[wy — g(@)] + [y T(t = )f (s, w(s), B(s))ds
+[[ T(t = 5)f (s, w(s), w(s — 1))ds, (1.12)
for 1 < t < b, is called the mild solution of the problem (1.4)-(1.6).

2 Existence And Uniqueness of Solutions Via New Three Steps Iterative Method

Now, we are able to state and prove the following main theorem which deals with the existence and uniqueness of solutions
of the problem (1.4)-(1.6) We first prove the main conclusion..

Theorem 2.1 Assume that hypotheses (Hy)-(Hs) hold. Let {&, }r—o be real sequence in [0,1] satisfying Y.i°-y & = o Then
the equation (1.1)-(1.2) has a unique solution w € C|ty, b] which is the required solution and is obtained by the three steps
iterative method starting with any element wy € X Moreover, if wy is the k th successive approximation, then one has

02k+2
kK &
e(l—ﬂ) Yi=ofi

| Wisr — @ IS lwo—wll, (2.1)

where 2 = max{Q;, 2,} = max{(MG + MLb), (MG + MLb + ML + 2aMLb)} and Q < 1.

>

Proof 2.2 Let w(t) € B and define the operator We define the operator
Caselfor0<t<1

Fw(t) = T(t)[wo — g(x)]
+ [ T(t = $)f (s, (s), p(s))ds, (2.2)
and Case2for1 <t<b
Fw(t) =T()[wo — g(w)] + fol T(t —s)f (s, w(s), p(s))ds
+ ] T(t = )f (s, 0(s), w(s — 1))ds, (2.3)
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Let {&, }r=, be iterative sequence generated by new three steps iteration method (1.7) for the operator given in (2.2-2.3) with
the real control sequence {&; };=, in [0, 1]. We will show that w, = w as k — oo. From (1.7),(2.2-2.3) and assumptions, we
obtain

CaselFor0<t<1
| z(t) — w(t) |l
=l (Fo)(t) = (Fw)(®)
<ITO[g(@) = g(@)] + J; T(t =) 1| £(5, 0, (5), ()
—f(s,w(s), ¢(s)) Il ds
< MGl wp — @ I+ f; LU @ — @ |+ ¢(s) — p(s) Ids
SMGIlwy—w | +MLD ||l w —w |l
S(WMG+MLD) | w, —w I
SO llwg—owl
<SQlw,—wl (2.4)
Case2For1<t<bh
Iz (t) — (@) |
=l (For)(t) — (Fo)(®) I
= MGl e = |+ [ 1 F(5,0(5), b(5) = £ (5, 0(5), $(5)) Il ds

+M [N £ (s, wpe(5), (s = 1)) = £(5, (), w(s — 1) Il ds
SMGlIlwy,—w |l +ML | w, —w |l
FMLb(Il wi(s) —w(S) I +ll we(s =D —w(s—=1)
SWMGllwg —w Il +(ML+MLD) | o, —w | +2MLba) | wy — w |l
SWMG+ML+MLD + 2aMLD) || w, — w
S llwy—wl
<Qlwg—wl (2.5)
Now by taking supremum in the inequality
Iz, —w g Qll w, —w g (2.6)
and
Iy (8) — (@) 1= (1 = i)z (8) + S (Fzi) (8) — (D) |l
=l (1 = &)z () + S (Fz) (1) — (1 = §)w(t) = §ew (D)
=l (1 = &) (2, (6) — w(B)) + $e(Fz) (1) — (Fo)(2)
S (A =8 Iz (@) — w(®) I +& | (Fz) () — (Fo)(@©) 1] (2.7)
Hence, by taking supremum in the inequality (2.7) and then use (2.6) to get
Iy =@ lp< [(1 = &) I 2 — @ lg+ & | Fzye — Fo llg]
SA-$)lzg —w g+ | Fz — Fo llp
SH=-&GA-D]lze —wllg
SOI=&GA-D] lwx —w g (2.8)
Therefore, using (2.6) and (2.8), we obtain

| wgy1 —w lIp=Il Fy, —w Il

Sﬂllyk—wllg
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<Q[1- &1 -]l o~ ll5(2.9)
Thus by induction,we get

I wesr — @ < Q242 [PZ6 1 - 61— D] lwo —w 5 (2.10)
Since &, € [0,1] Vk € N U {0} the definition A yields,
50§ <&E<12§1-Q) <1,VkeNU {0} (2.11)

From the classical analysis, we know that 1 — x < e™,Vx € [0,1] Hence by utilizing this fact with (2.11) in (2.10), we
obtain

k= —(1- k
I W1 — @ lp< QP2 [TEZE exp -0 Zj:o $illwo —w llg

2k+2

k
e(l_Q) 2i=0 fi

| Wiy — @ llp< l wg—wllg (2.10)

above inequality denoted by
Thus, we have proved (2.1). Since Y.3_, &, = o, then we have

e -DIo&i 50 g5 ko o (2.11)

Hence using this, the inequality (2.1) implies limy_,, | w11 — @ llg= 0 and therefore, we get w,, = w as k — oo,

O

Remark It is an interesting to note that the above inequality (2.1) gives the bounds in terms of known functions, which
majorizes the iterations for solutions of the problem (1.4)-(1.6) fort € I

3 Continuous dependency of initial data via New three steps iteration

Suppose w(t) and w(t) are solutions of (1.4) with initial data
w(0) + g(w) = w 3.1

and
®(0) + g(w) = wo (3.2)

respectively, where wg, @, are elements of the space X. Then looking at the steps as in the proof of Theorem 2.1 , we define
the operator for the equation (1.4) with initial conditions (3.2)

Caselfor0<t<1
Fo(t) =T(O)[w, — g(w)]
+ [ T(t = $)f (s, (s), p(s))ds, (3.3)

Now for Case2 for1 <t < b,
Fu(t) =T(®)[wo —g(w)] + fol T(t —s)f (s, w(s), p(s))ds
+[[ Tt —)f(s,w(s), w(s — 1)ds,  (3.4)
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and also define

Caselfor0<t<1
Fa(t) = T(t)[@, — g(@)]
+ [ T(t = $)f (s, (), p(s))ds, (3.5)

and Case2for1 <t <b,
Fa(t) = T()[w, — g(@)] + fol T(t—=s)f (s, w(s), ¢(s))ds
+ flt T(t—s)f(s,w(s), w(s —1))ds, (3.6)

We shall deal with the continuous dependence of solutions of equation (1.1) on initial data.

Theorem 3.1 Suppose the function F in equation (1.4) satisfies the hypothesis (Hy)-(Hs). Consider the sequences {w }i—o
and (@}, generated by new three steps iteration method associated with operators F in (2.2-2.3) and F in (3.5-3.6)
respectively with the real sequence {&; }i7= in [0, 1] satisjj/ing% < & Vk € NU{0}. If the sequence {wy }r—, converges to
w, then we have

5M*
1-A

lw-—a lz< (3.7)

where
M =Ml wg — wy |l
where A = max {A;, A}
(MG +MLb) =A; and MG+ ML +2MLba =A, and A < 1.

Proof 3.2 Suppose the sequences {wy}reo and {0y }pe, generated by new three steps iteration method associated with
operators F in (2.2-2.3) and F in (3.5-3.6), respectively with the real control sequence {w}i, in [0, 1] satisfying i <
& Vk € N U {0}. From iteration (1.7) and equations (2.2-2.3) ,(3.5-3.6), and assumptions, we obtain
CaselFor0<t<1

Iz (t) = Z () |l

=Il (Fw) (&) = Fo) () |

<IT() Il [wo — g(@)] + f, T(t = $)f (s, i (s), p(s))ds

~T(O@o ~ 9@ — fy T(t =) (5, Bk (), $(s))ds

< Ml wo =@ Il +M [ 11 £(5,@,e(5), (5)) — £ (5, @1e(5), () Il ds

SMllwyg—wo | + MG Il we —wp | +(MLD) | wy — wp |l

SM |l wg—wy | +(MG + MLD) || w, — @y |l

SM Il wyg—wo Il +41 1| wi —wy |l

SM Il wg—wo Il +A 1l wy — @y |l

SM + ANl wp —wi llg (3.8)
where

M* =M || wg — wy Il and (MG + MLb) = A,
and

Case2forl1 <t<b,
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Iz (t) =z () Il
=l (Fw)(®) — Fw) (@) |
<I T(O)[wo — glwi)] + J, T(t = )f (s, w0k (s), $(s))ds

+ ftT(t —5)f (s, w(s), we(s — 1))ds

~TO[@o — 9@ — [, T(t —)f (s, Dk (s), p(s))ds

— J{ T(t = $)f (5, @ (), Wi (s — 1))ds]|
SMllwyg—wo | +MG Il w, — @i | +(ML) 1| wy — e |l
+2aMLb) || wy — @y I

SM |l wg— @ | +(MG + ML+ 2MLba) || w, — @y |
SM Nl wyg —wo Il +4, 1| wg — @ |l
SM |l wg—wp Il +A || wy — wy |l

where A = max {A;,A,}

(MG + MLb) =A;, and MG+ ML +2MLba =A, and A < 1.

Taking supremum
|z, —Z IgS M™+ Al w —wy Nl (3.9)
where
M* =Ml wg—wy I (3.10)
and
1 y2(8) =5, (®) I1=1 (1 = £ (2 () = Ze (1)) + & (Fzi) (1) — (FZ) (D) |l
< [ =& I @(®) = Zie(®) I +& | Fzi) () = (FZ)(0) 1] (3.11)
Hence, by taking supremum in the inequality (3.11) and then use the idea from (3,9) to get
My =, 1< [(1— &) Il 2 — Zg g+ & Il Fz — Fzy lip
SA=8) 1z =z g+ & [M™ + Al 2 — Z lg]
=&GM+[1 =81 = D)) Il 2 — 2 g
SEMT+[1 =81 - D)][M™ + A1l w, — wy lIp]
SEM +M*+A[1-§A -] Il o —wi Nl (3.12)
Therefore, using the idea from (??) and (??) along with hypotheses 2 < 1, and% < &, Vk € N U {0}, the resulting inequality
becomes
Il W41 — Wpsq =l Fy — Fyk Il
I Wir1 = Wi IS M+ ANy =y, g
SM +Alye =Y, llg
SM +AGM* + M* + A1 —&(1 = D)) | wx — wy llp]
S2ZMT+GMT +[1 =61 = D))l wpe — wy lIp
< {283EM7) + § M+ [1 = & (1 = )] Il wye — wi llp

S1-&A =M Il wg —wg g+ & — A)%

(3.13)

we denote

Bk =l w — wy lg= 0

Journal of Neonatal Surgery | Year: 2024 | Volume: 13
pg. 1109



Rupesh T. More ,Pankaj M. Sonawane

e =& (1 —A4) € (0,1)

5M*
= o) =0

Yk

The assurnption% < &, Vk € NU {0} implies {{, } =, = o0. Now, it can be easily seen that (3.13) satisfies all the conditions
of Lemma (1) and hence we have

0 < limsupf, < limsupy;

k—co k—
SM*

remrsy (3.14)

k—o

using the assumptions lim,_,,w; = w ,Jim,_ w0, = @ , we get from (3.14) that
sM*

— 0 1<
Il w a)IIB_l_A

(3.15)

where

M* =M Il wy— @ Il

which shows that the dependency of solutions of IVPs (1.4)-(1.6) and (1.4) with the conditions (3.2) on given initial data.

O

4 Continuous dependency on function f and f

In this section, we shall deal with continuous dependence of solution of the problem (1.4) on the initial functions involved
therein

o' () +Aw(t) = f(t, 0(t), w(t — 1)),
wit—-1)=¢@) 0<t<1),
w(0) + g(t) = w,

W' (t) + Aw(t) = f(t, w(t), w(t — 1)), 4.1
wt—1D=¢@) (0<t<), (4.2)
w(0) + g(t) = wo (4.3)

where f is defined as f. Suppose w(t) and w(t) are solutions of (1.4-1.6) and (4.1-4.3) respectively.Now ,examining the
procedure which occurs in the proof of Theorem 2.1.we establish function Fw which acts as a operator for (1.4-1.6).also we
define F® which acts as a operator for (4.1-4.3).

Caselfor0<t<1
Fo(t) = T()[wo — g(@)] + [ T(t = $)f (s, (s), (s))ds 4.4)

Case2forl1 <t <b,
Fo(t) = T(t)[w, — g(@)] + f; T(t = $)f (s, w(s), p(s))ds
+ [ T(t = $)f (s, w(s), w(t — 1)))ds 4.5)
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Also define
Caselfor0<t<1

Fo(t) = T()[wo — g@)] + [ T(t = )f (s,@(s), (s))ds) (4.6)

Case2forl <t <b,

Fo(t) = T()[wo — g@)] + [ T(t — )f (s,@(s), p(s))ds
+ ff T(t —$)f (s, @(s), ®(t — 1)))ds 4.7)

Theorem 4.1 Consider the sequences {wy }r=o and {wy }r=o generated by new three steps iteration method associated with
operators F in (2.2-2.3) and F in (4.6-4.7) respectively with the real sequence {& 3} in [0, 1] satisﬁ/ing% <& VkeENU
{03.

Assuming that

every requirement of main theorem is met with w(t) and w(t) are solution of (1.4-1.6) and (4.1-4.3) respectively.

There is nonnegative constant € such that

I f(tu,up) — f(tu,uy) ISeVEE] (4.8)

If the sequence {wy }r=, converges to w, then we have

5Me(1+b)

- lz<
lw—wlg< R

(4.9)

where A = max{44,4,} = max {(MG + MLb), (MG + ML+ 2MLba)} and A < 1.
Proof: Suppose the sequences {wy }reo and {®y }r=, generated by new three steps iteration method associated with operators
Fin (2.2-2.3) and F in (4.6-4.7) respectively with the real sequence {&1dheo in [0, 1] satisfying% <& Vvke NuU{0}.

From iteration (1.7) and equations (2.2-2.3), (4.6-4.7) and hypotheses, we obtain

CaselFor0<t<1

Il z, (t) — Z, () Il

Il Fo) () — FB@) |

=1l T(O)[wo — g(wi)] + f T(t — $)f (5, 0 (5), (5))ds — T(©)[w — g@)]

- fo T(t = (s, Be(), $())ds) I

S MG Il @ — @y +j M f(s, (), d(5)) = F (5,01 (), $()) Il ds
0
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< MG Il wy — Ty Il + f M F(s,0(5), B(5)) — F(5, B (s, B(s))

+ £(5, 0k (5), () — £ (5, @k (5), p(s)) Il ds

S MG Nl wpe — @y I +f M f(5,0i(5),9(5)) = f (5, @1 (5), $(5)) Il ds
0

+ [ 20 £, B2 = T, (), 652) 1 ds
0

S MGl wg — @i | +MLb || wy, — wy, || +Meb
< Meb + (MG + MLDb) Il w, — wy

< Meb + (MG + MLb) || w — wy

Il z () — Zp () IS Meb + Ay 1| w, — @y |l

where (MG + M Lb) = 4,

By taking supremum
1z, —Z IS Me(L+b)+ 4, | w — @ Nl - (4.10)

Case2forl <t <b,
Iz (t) — z () Nl

=|l (Fwr)(t) — (Far)() I

=1 T(0) [wo — g (@] + f Tt — $)f (s, i (), $(s))ds
0
+ ft T(t —3s)f (s, wg(s), w(s —1))ds
() [wo — g(@)] + f T(t - $)F (5, B(5), $(5))ds
0

t

_ f Tt — $)F (s, B (s), (s — 1))ds]]

< MG N =T I+ [ M1 FG5, 005, 6)) = £ (55D, 9(5)) W ds
0

+ [0 (5B, 6(90) = F s B2, 0(52) 1 ds
0

+ [} M £ (5, 0(8), (s = 1)) = £(5, @, (5), @ie(s — 1)) Il ds

+ j M F(s, @), (s — 1)) = F (5, @ (), Be(s — 1) Il ds

SMG Il wy — @y | +Me(1 + b) + (ML + 2MLba) || wy, — wy |l

< Me(1+b) + (MG + ML + 2MLba) || wy — @y |
< Me(1+ b) + (MG + ML + 2MLba) || wy — @y |
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Il 2 () — Zi () 1< Me(1 + b) + 4, || wy — @y |l
Iz (t) = Z () IS Q + 4z | wp — @i |l (4.11)

where (MG + ML + 2MLba) = 4,.

A =max{4;,4,} = 4, = (MG + ML+ 2MLba) and Q = Me(1 + b)
By taking supremum

1z, =z, Ipg< Q+All w, — wy llp

I Zk_Ek ”BS Q+All wk_ak "B

Similarly it is seen that
My =y, ISI (1= &)z + EFze — (1 — &)z + &Fz)) Il (4.12)
<I (1= §) (2 = Zi) + & (Fz) — (Fz) |
SA=&) lzi = Zi | +& | (Fz) = (FZ) |
S@A=8) N zg = Z | +6[Q + ANl 2y — Z 1]
SA-8)Q+ AN wr —wi ) + & [Q+ ANl 2 — 7 Nl]
SA-8)Q+ AT we =@ )+ [Q+ AQ+ ANl wpe — @y D]
SAlwe =@ N1 =8 (1 =MD]+Q+&Q (4.13)

Now by taking supremum in above inequality,we obtain
Iy =¥, Ip< Al wp — @i llp [1 = 8§ (1= D)+ Q+ 8 Q (4.14)

Therefore, using the idea from (4.10-4.11) and (4.14) along with hypotheses A < 1, and ; < &, Vk € N U {0} the resulting
inequality becomes

|l W41 — Wprq =l Fyg _Fyk Il
<SQ+ANY =T, lp
SQHlye =yl wA<1

|l Wisr — Wpar 1< Q@ +{A Nl Wi — @y I [1— & (1 —A)]+Q+ & Q}
Il W1 — Wpar 1< 2Q + {ll W — @y llp [1 = & (1 = A)] + &, Q3
Since A < 1and§$ & Vk e NU {0}

| Wis1 — Dpsq 1< (€D [2Q] + &, [Q] +[1 =& (1 = A)] Il wy — @i llp
| Wig1 — Wpaq Np<58Q + [1 =& (1 —D)] Il e — @i llg

| @krr = Bpeas Ip< [1= & (1= D]l @ — @ g+ & (1= ) o (.15)

we denote
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Bk =l wx — Wy lp=0

e =& (1 —4)
__5Q
Ve = T =0

The assumption% < &, Vk € N U {0} implies {; } =, = . Now, it can be easily seen that (4.15) satisfies all the conditions
of Lemma (1) and hence we have

0 < lim sup S < lim sup y,(4.16)
k—oo k— oo
5Q
(1-2)

0 <lim sup Il w, — wy < sup
k—oo k— oo
5Q

0 <lim sup Il w, —wy lIp< a-a)

k—oo

Using the assumptions limy_,,w; = w Jimy_,,0, = @ , we get from (4.16) that

_ 5Q
— <
lw—wlg< )

where Q = Me(1+b)and A = (MG + ML + 2MLba)

Using the assumptions limy_,,wy; = w Jlimy_ w0, = @ , we get

5Me(1+b)

—w |5
lw—-wlp< )

which shows that the dependency of solutions of IVP (1.4)-(1.6) on both the function involved from
the right hand side of the given equation and initial data.

Remark: The inequality (43) relates the solutions of the problems (1.4)-(1.6) and (4.1)-(4.3) in the sense that, if f and ]_”are
close as € = 0, then not only the solutions of the problems (1.4)-(1.6) and (4.1)-(4.3) are close to each other (i.e. || w —
w llg— 0), but also depends continuously on the functions involved therein and initial data.

5 Continuous dependency on Parameter via new three steps iteration

We next consider the following problems Let w(t), w(t)

w' (@) +Aw() = f(t, @), w(t — 1),0,), (5.1
wt—-1)=¢@) (0<t<), (5.2)
w(0) + g(t) = wo (5.3)
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and

W' (t) + Aw(t) = f(t, w(t), w(t — 1),6,), (5.4)
wt-1)=¢() 0<t<1), (5.5)

w(0) + g(t) = wy (5.6)

Where constants 8,, 0, are any real number which considered as a parameters .Let w(t), @ (t)and completing the steps from
the previous theorem proof of, define the new function as a operators for the equations (5.1) and (5.4) respectively, We
Define

Caselfor0<t<1
Fo(t) =T()[w, — g(w)] + fot T(t —s)f(s,w(s), p(s),0,)ds (5.7)

Case2forl <t <b,
Fo(t) = T()[w, — g(@)] + [} T(t = )f (s, w(s), $(s), 6,)ds
+ [ T(t = 5)f (s, 0(s), (t — 1),6,)ds (5.8)

also define

Caselfor0<t<1

Fo(t) = T(O)[w — g@)] + [ T(t — )f (5, (s), (), 8,)ds) (5.9)

Case2forl <t <b,

Fao(t) = T()[w, — g@)] + [, T(t — $)f (s, 0(s), p(s),6,)ds
+[[ T(t—$)f(s,@(s),&(t — 1),6,)ds  (5.10)

The upcoming theorem demonstrates the continuous dependency (CD) of solutions on parameters.

Theorem 5.1 Suppose the sequences {wy}i=o and {wy }r=o generated by new three steps iteration method associated with
operators F in (5.1) — (5.3) and and F in (5.4) — (5.6),respectively with the real sequence {&,}_, in [0, 1] satisfying
1

ESEkaENU{O}.

Suppose that
w(t)) and w(t)are solution of (5.1)-(5.3) and (5.4)-(5.6) respectively.

there exist constants L > 0 such that the function ]_" satisfy the conditions

I f(s,%y,0) — F(5%Y,0) IS Li(lx =X Il +Il y =¥ Il +]6; — 6] (5.11)
Then If the sequence {wy } o converges to w, then we followig this inequality

5MLq[1+b]|61—-62]

—w <
lw—wlp< 78

(5.12)
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where A = max {4,,4,} = max { MG + MbL,, MG + ML, + 2MbL,a}
and A < 1.

Proof:- Suppose the sequences {wy }rep and {wy }eeo generated by new three steps iteration method associated with operators
F in (5.1) — (5.3) and and F in (5.4) — (5.6),respectively with the real sequence {€,}s, in [0, 1] satisfying é <& VKE
N u {0}.

CaselFor0<t<1

Consider

Il 2 () =z (O) 1l

=Il (Fw,)(t) — Fw) () I (5.13)

t
=1 T(®)[wo — g(we)] + f T(t = s)f (s, wi(s), §(s), 61)ds — T(t)[wo — g(@y)]
0

t
- f T(t — $)F(s, @ (), $(s), 65)dks) I
0

< MG Il wy — @y | +M f Il £ (s, i (s), ¢(5),01) — £ (5,0 (s), P(5),6,) Il ds
0

< MG |l wy — @ Il +MbL, (Il wy, — @ | +16; — 65])
< MbL,|0; — 0, + (MG + MbL,) | wy, — @y |l

< W, + (MG + MbL) | wy — @y |
We get Il z,(£) —Z,,(t) IS Wy + Ay || oy — @y |l (5.14)

Where (Mg‘l’MbLl) =Zl and W1 :MbL1|91_92| (515)

By taking supremum

I 2 () = Zpe(®) Np< Wy + Ay Il @y — @y g (5.16)

Case2forl <t <b,
Iz (t) — z () Nl

=Il (Fw)(®) = Fo) (@) |

=1l T(O)[wo — g(wi)] + j T(t = $)F (s, (), d(s), 0:)ds
0
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t

+f T(t—- s)]_‘(s, Wi (5), wi (t — 1),0,)ds

1
—T(®)[wo — g(@i)] — f T(t = $)f (s, (), ¢ (s), 6,)ds

t

- f T(t — 5)f (s, 0 (s), x(t — 1),0,)ds |
1
S MG Il wx — wy I +Mf Il £(s, wi(s), P(s),0,) _f(s!wk(s):(;b(s),gz) Il ds

+Mf I (s, k() §(5), 61) = F (5, @ (5), $(5),6,) Il ds

SMG Nl w — @ | +M L (| wp — @y | +]6, — 6,])
FMDbL (Il wi — @ | +1l wpe (£ = 1) — @ (£ — 1) I| +]6; — 6,])
< (ML,]6, — 0,] + MbL, |0, — 6,1} + (MG + ML, + 2MbL,a) | wy — @y I
< (ML, + MbL)IO; — 6,1} + (MG + ML, + 2MbL,a) | wy — @y I
< (ML, + MbL)IO; — 6,1} + (MG + ML, + 2MbL,a) | wp — @y I
SWo+ 4, Il wp — @y ll

Il 2 () — Z, () IS Wy + By || w0y — @ I (5.17)

Where (Mg + MLl + ZMbLla) = ZZ and W2 = MLl[l + b]lgl - 92' (518)

By taking supremum

Iz (t) =z (8) < W5 + 45 |l w — wy lIg
A = max {4, 4,} = MG + ML, + 2MbL,a

Iz () = Z, () Ig< W + A Il wy, — @y llg (5.19)
Similarly
1Y =¥ IS1 (A = E)7e + EcFze — (1= EZk + §FZ, ) | (520)

<N (1= &)z — Zi) + & ((Fzi) — (FZ) |l
S (=& Iz = Zi I +& | (Fzi) = (FZ) |
SA=8) 2 = Zp | +&([W + Al 2 — Z 1]
SA-EW+AN wp —wp )+ E[W+A I 2, —Z |I]
SA-EW+HANwp —@p )+ & W+ AW+ Al w, — @ 1]
SAMwy —W I[1=& (A =-D]+W+E W

Now by taking supremum in above inequality,we obtain

Iy =Y, 1< Al wg =@ lp [1 =& A =D]+W+EW (5.21)
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Il W1 = Dpsr =Nl Fyx — Fy, lIp (5.22)
SW+ANy =Y, s (5.23)
SWHIy =y, Il ~A<1

| Wps1 = Wpgr IpS W + ANl e — @ llp [1— & (1= D)) + W+ & W} (5.24)
Il a1 = Dpesr Np< 2W + {Il 0 — @y g [1 = & (1= D)] + &W)

Since A < 1and§SEkaENU{O}

| Wgy1 — Dpr 1< REIRZW] + W]+ [1 =& (1 —D)] Il 0 — @y g
| Wyy1 — Dppr 1< 5EW +[1 =& (1= D)] Il w, —wy g

_ — —_ — 5W
| Wisr = @pq 1< [1 =& (1= D)) Il 0 — @y llp+ & (1 —A) —

o (5.25)

we denote

ﬂk =|| Wy —5;{ ”BZ 0

e = (1= 1)
—_5Q
]/k - (1_5) 2 0

The assumption% < &, Vk € N U {0} implies {&; } =0 = . Now, it can be easily seen that (5.25) satisfies all the conditions
of Lemma (1) and hence we have

0 <lim sup By < lim sup yi

k—oo k—oo
0 <lim sup Il w, —wy < sups—V\i
k—o0 k—ooo (1-0)
. — 5W
0 <lim sup ll wy —wy < D (5.26)

k—coo
using the assumptions limy_,,w, = w limy_,w, = @ , we get that

I w—angs% (5.27)

where W = ML;[1+Db]|6; —6,] and A=MG+ ML, +2MbL,a

Using the assumptions limy_,,wy, = o limy_,,w, = @ , we get

5MLq[1+b]|61—-0>]

ey (5.28)

lw—wllg<
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which shows the dependence of solutions of the problem (1.4)-(1.6) on parameters 0,, 6.

Remark : The final outcome pertaining to the property of a solution called “dependence of solutions on parameters . The
parameters in this case are scalars.Observe that there are no parameters in the initial conditions. A key element of numerous
problems in physics is the reliance on parameters.

2. CONCLUSIONS

In the beginning, we demonstrated the main result, which focuses on the existence and uniqueness of the solution of an
abstract nonlinear delay differential equation with nonlocal condition by new three steps iteration method. Next,We
addressed about several aspects of properties and behaviour of solutions like continuous dependency(CD) on the initial data,
functions involve therein. closeness of solutions, and dependence on parameters.

Acknowledgement: The authors gratefully acknowledge the valuable support and funding provided through the VCRMS
scheme run by Kavayitri Bahinabai Chaudhari North Maharashtra University, Jalgaon
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